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Abstract 

We define two transforms between minimal surfaces with non-circular ellipse of cur- 
vature in the 5-sphere, and show how this enables us to construct, from one such 
surface, a sequence of such surfaces. We also use the transforms to show how to 
associate to such a surface a corresponding ruled minimal Lagrangian submanifold of 
complex projective 3-space, which gives the converse of a construction considered in 
a previous paper, and illustrate this explicitly in the case of bipolar minimal surfaces. 

Key words: Sphere, minimal surface, ellipse of curvature, Lagrangian submanifold, 
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1 Introduction 

Let / : S — > 5* 5 (1) be a minimal immersion of a surface S into the unit 5-sphere. The 
image of the unit circle in the tangent space under the second fundamental form of / is 
a central planar ellipse E in the normal space of / called the ellipse of curvature. Let 
< 9 < tt/2 be such that cos 9 is the ratio of the lengths of the minor and major axes 
of E. The geometrical significance of 9 lies in the fact that if Re is the rotation of the 
normal space through angle 9 about the minor axis of E then the orthogonal projection of 
Re{E) onto the plane containing E is a circle. If N is the unit vector in the normal space 
orthogonal to the plane containing E, then the transform we will consider is obtained by 
applying Rq to N. Of course, there are certain choices of sign and orientation to be made 
here, and the various choices available give two essentially different transforms. We shall 
show that these transformed surfaces are also minimal, and that the two transforms are 
mutual inverses. This enables us to define a sequence {f p : p G Z} of minimal immersions 
into S 5 (l) with f° = f, and we instigate an investigation of this sequence. 

The transforms described above are natural generalisations of the polar construction 
[TU] for superconformal minimal surfaces in S 3 (l) and 5' 5 (1) (although when the ambient 
space is S 3 (l) the polar is simply the unit normal to the immersion). In the latter situation, 
the ellipse of curvature is a circle, the angle of rotation 9 is zero, and in both situations the 

°We are grateful to the London Mathematical Society for financial support during the preparation of 
this paper. 
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sequence of minimal immersions is periodic with period two. Our motivation for discovering 
and studying these transforms comes from where we showed how to associate two 
minimal surfaces in S 5 (l) to a ruled minimal Lagrangian submanifold of complex projective 
3-space. We showed that these minimal surfaces were related by the above transforms. In 
the present paper we show that the construction described in [3j may be reversed, thus 
showing that all minimal surfaces in S 5 (l) whose ellipse of curvature is not a circle may 
be constructed using the methods of [3]. We then illustrate this explicitly in the case of 
bipolar minimal surfaces JUj i n ^(l)- 

2 Minimal surfaces in S 5 (l) 

For the rest of the paper, / : S — > S 5 (l) will denote a minimal immersion of an oriented 
surface S into S 5 (l). We use the orientation and induced metric to give S the structure 
of a Riemann surface in such a way that / is a conformal immersion. If II denotes the 
second fundamental form of / in S 5 (l) we recall that for each p G S the subset E(p) of 
the first normal space of S at p given by 



is a (possibly degenerate) central ellipse called the ellipse of curvature of S at p. 

From now on, we assume that S has non-degenerate non-circular ellipse of curvature 
at every point. In this section we show how to associate a complex moving frame to such 
an immersion, and obtain the moving frame equations and integrability conditions. The 
approach we use is based on the theory of harmonic sequences, which is described in jH] 
for the more general situation of minimal surfaces in S m (l) or CP m (4). 

Let z = x + iy be a local complex coordinate on S, and denote by d and J| by 8. 
We introduce C 6 - valued functions fo, fx, f% by 



where II now denotes the complex bilinear extension of the second fundamental form of 
/ in 5" 5 (1). If ( , ) is the complex bilinear extension of the standard inner product on 
M 6 , it follows that {fo, fi) = while conformality of / is equivalent to 



Thus fo, f\, fi are mutually orthogonal and $2 is the component of dfi orthogonal to fo, fi, 
f\. We note that, by Takahashi's Lemma, the minimality of / is equivalent to dd fo = fifo 
for some /i£R. 

If ji — a — ib where a, b are K 6 - valued functions, it follows from conformality of / that 
the ellipse of curvature is homothetic to the image of the map 



E(p) = {II(X,X) | X is a unit tangent vector to S at p} 



fo — f, 

fx = df, 

f 2 = II(d,d) 



(1) 
(2) 
(3) 



(A,A) = o. 



(4) 



if) I— > II(cosi/;£- + sini/j-w-, cosipJ^ + sin^ ■§-) = 2(acos2^ + bsm2ip). 



(5) 
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Since the ellipse of curvature is not a circle we see that (/ 2 , $2) 7^ 0. As noticed by Hopf, 
the function (/ 2 , / 2 ) is holomorphic, so that j3] there exists a complex coordinate z (which 
we will call an adapted complex coordinate for /), defined up to rotations by |, such that 
(/ 2 , / 2 ) = —1- In this case 

-l = (/ 2 ,/ 2 ) = (a,o)-(6,6)-2i(o,6), 

so that 

(a, a) - (b, b) = -1, (a, 6) = 0. (6) 

It now follows from © that a lies along the minor axis and b the major axis of E. It 
follows from (jUJ) that there is a positive function such that 



|a| = sinh0, 

so that the eccentricity e of E is given by 



1 - 



HI 
W 2 



\b\ = cosh< 



sech 1 



(7) 



(8) 



We complete our complex moving frame for / by letting N be a real unit vector orthogonal 

tO {/o,/l,/l,/2,/2}- 

It is then straightforward to check that if T — {fo, fi, fi, / 2 , f2, N} and if uj = log \fi\ 2 , 
then the matrix A of complex bilinear inner products of the frame vectors of T is given by 



/ 



.4 



V 

























-1 
cosh 2cf) 








cosh 2 
-1 



0\ 








(9) 



1/ 

We now write down the moving frame equations for T. A straightforward computation 
using © shows that if a = (df2,N), then the moving frame equations for T may be 
written in terms of u, <ft, a as follows: 

dfo = h, 

dfx = f 2 + dufi, 

dfi = -e"f , 

df 2 = e - w /i + 2d(p coth 20 / 2 + 284 
dh = -e~ w cosh 20 A, 
dN = -acsch 2 20 (f 2 + cosh 20 / 2 ). 



csch 20 / 2 + aN, 



Of course, the corresponding 3 equations may be found by taking the conjugates of the 
above. It follows from uniqueness of solutions of linear differential equations and the inte- 
grability conditions ddT = ddT that a minimal surface with non-circular non-degenerate 
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ellipse of curvature in S 5 (l) is determined, up to 0(6)-congruence, by functions u>, 0, a 
satisfying the following system of differential equations: 

da = — 2a<90 csch 2<f), 

Bdto = -e" + e _w cosh 20, (10) 
2dd(j) = aa csch 20 — sinh 20. 

The functions a, to and have geometrical significance: a is analogous to the torsion of a 
space curve in that it is a measure of the rate at which the surface is pulling away from the 
great 4-sphere which contains its tangent and first normal space, the metric on the surface 
is given by 2e UJ \dz\ 2 , and is a measure of the eccentricity of the ellipse of curvature. 

Remark 1 The above equation for may be used to show that every compact minimal 
surface S in S A (1) contains at least one point at which the ellipse of curvature is a point, a 
line segment or a circle. Otherwise, would be a smooth globally defined positive function 
on S satisfying the two-dimensional sinh-Gordon equation. 



3 The transforms 

In this section we show how to associate to / two other minimal immersions of the Riemann 
surface S into 5' 5 (1) which both induce the same conformal strucure on S as that induced by 
/, and also have non-degenerate non-circular ellipse of curvature at every point. We further 
show that an adapted complex coordinate z for S is also an adapted complex coordinate for 
our new minimal immersions. Recall from the introduction that these minimal immersions 
are obtained by rotating N in the normal space through a geometrically significant angle 9 
about the minor axis of the ellipse of curvature. So, let z be an adapted complex coordinate 
for / and let cosO = = tanh0. Then, applying rotations of ±9 to ±iV gives the four 

possibilities 

±^N ±tanh ^ 

For definiteness, we take N to be such that {/„, ^, N} 
is a positively oriented orthogonal moving frame of R 6 , and the two transforms we will 
consider are those given by 

r = -^-tanh0iV. (12) 

Thus if we orient the normal space by taking {iT(|^, ^), //(^, iV} to be posi- 
tively oriented, then the (+) transform f + is obtained from / by the (+) construction which 
is given by (fTTj) and consists of rotating iV about the minor axis of the ellipse of curvature 
through the angle 6 anticlockwise, while the (-)transform f~ is obtained from / by the 
(— ) construction which is given by (|12|) and consists of rotating —N about the minor axis 
through the angle 9 clockwise. 
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We note the following for later use. Let vol denote the complexification of the standard 
volume form of M 6 . Since det A = e 2ul sinh 2 20, we see that vol(/ , fx, fx, /2> h, N) = 
ie^ sinh 20. However, 

vol(/ , fx, fx, h, h, N) = -Ivol (/o, f , f , , //(U , f ), iv) , 

so that 

vol(/ ,/i,/i,/ 2! / 2 ,iV) = -e^ sinh 20. (13) 

We now show that / + and / _ both induce the same conformal structure on S* as that 
induced by /. In order to do this, we first define 

n = dr. 

Here and subsequently, we use e as a superscript taking value + or — , and use e = ±1 in 
the corresponding equations as appropriate. Then, using (fTTJ) . (j!2)l and the moving frame 
equations for T, we find that 

f{ = -ie^ft - |(ae + 2i<90) sech 2 ( csch 20 f 2 + coth 20 f 2 + eiN^j . (14) 

From this, a computation using © shows that 

(A e ,/i) = 0, (15) 
|/«| 2 = + \\ae + 2z<90| 2 sech 2 0. (16) 

Thus the maps f e define conformal immersions of S into S 5 (l), so that if z — x + iy then 
(x, y) are isothermal coordinates not only for the original immersion / but also for the two 
newly constructed immersions f e . We note that the metric induced on S by f e is given by 
2e u)t \dz 2 \, where u e = log \f(\ 2 - 

We now show that each f e is minimal. By Takahashi's lemma, it is sufficient to check 
that ddf e is a multiple of f e . We first note that it follows quickly from ()14|) that 

(dor, / Q ) = o, 

(ddf, fx) = 0, 

while a straightforward computer calculation shows that 

(ddfj 2 ) = -i(e _w + ±|ae + 2i«90| 2 sech 2 0), 
(ddf e ,N) = -etanh0 (e _w + \\at + 2*<90| 2 sech 2 0). 

However, it follows from (J7J), ©, (JUJ) and ((HJ) that 



(A/o) = 0, (17) 

(f,/i) = 0, (18) 

(A /*) = *, (19) 

(/ e ,A^) = etanh0, (20) 
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and hence, using (|TB|). 

ddr = -\n\ 2 f% 

showing that ddf e is indeed a multiple of f e , so that each f e is a minimal immersion of S 
into S 5 (l). 

Finally in this section, we show that z is also an adapted complex coordinate for f e . If 
IP denotes the second fundamental form of f e , we put 

f* = IP(d,d)=a*-i¥. 

As in the moving frame equations for J 7 , if u e = log \fl\ 2 , then 

ti = df{ - duff{. (21) 

It follows from (fTTj). (|T2|l and the moving frame equations for T that 

dfl = if + e~ u (idu + tanh (ae + 2z00)) /i + 2v csch 4 20 sinh 2 / 2 
+ (l/2)z/coth20csch20sech 2 / 2 + iez/csch 2 20tanh0 N, 

where 

z/ = 2ae<90(-2 + cosh 20) + 8isinh 2 (<90) 2 
— eda sinh 20 + ia 2 — 2i sinh 20 <9<90, 

so that, using Q, 

{dfldf{)=-l. 

Equations (|T3jl and (|2*T|) now imply that (/|, /|) = — 1, so that z is also an adapted complex 
coordinate for each f e . In particular, each f e has non-degenerate non-circular ellipse of 
curvature. 

Summarizing the above, we have the following theorem: 

Theorem 1 Let f : S — > ^(l) 6e a minimal immersion with non- degenerate non-circular 
ellipse of curvature at every point. Then the (+) transform f + and the (-)transform f~ of 
f are both minimal immersions of S into S 5 (l) which induce the same conformal structure 
on S as that induced by f . Moreover, both f + and f~ have non- degenerate non-circular 
ellipse of curvature at every point and an adapted complex coordinate for f is also an 
adapted complex coordinate for f + and f~ . 

Remark 2 The final statement of the above theorem is equivalent to saying that / + and 
f~ both have the same the have the same C/2,-2 invariant (see [S] for the definition of this 
and related invariants). 
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4 A symmetric adapted moving frame 



In this section we begin the study of / and its transforms by constructing a moving frame 
B which gives equal prominence to / and f e . We also obtain the moving frame equations 
and integrability conditions for B. 

So, let B = {f , fx, fx, ft, ft, /q}. It follows quickly from Q and the moving frame 
equations for T that the matrix B of inner products of elements of B is given by 



B 



from which we see that 



/ 1 0\ 

e" -i 

e w i 

i e<" £ 

-i e uC 

\ 1/ 

Ul+UJ e 



(23) 



det£ = (e w+ ^ - l)\ 
implying that the vectors in B are linearly independent as long as u + uo e ^ 0. 

Lemma 1 We have that uj + u e > on an open dense subset of S . 



(24) 



Proof: It follows from ()16|) that u; + ci/ > 0, and that u + u e = on an open set if and 
only if a = —2ied<j). Taking the derivative of this expression with respect to 5 and using 
the integrability conditions (jlO)) for the moving frame equations for T it then follows that 



-Aie csch 20 d<pd<p = e'^ie csch 20 (sinh 2 20 - 4e w <90<90). 
Simplifying the above equation then yields the contradiction = e~ w sinh 20. I 

The advantage of the above condition is that on this open dense subset we can in- 
vestigate the original immersion / and the new immersion f e with respect to the frame 

& — {fo, fi, fi, ft, fx, fo}- 

It follows from (jUJ) that vol(/ , fx, fi, fl, f[, fo) = ±(e w+ ^ £ - 1). In order to determine 
the sign we compute the volume explicitly. A straightforward calculation using (|T3*j) and 
([Uj) yields that 

vo\(fo,fi,fx,n,f 1 £ ,f e )=ecsch 2 24> tanh0 |«e + 2^0| 2 vol (/ , fi, fx, f 2 , h N) 

= -ee w csch20 tanh0 \ae + 2id Al2 
= -e| sech 2 e u \ae + 2id<f)\ 2 . 



Thus, using (JTBJ), 

yoi(f , A, h, ft, ft, ft) = - 

We now intoduce the function Y by 

Y = (dfi,fx] 



-e e 1 



-1^ 



(25) 
(26) 
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and use (j25|) to write down the moving frame equations for B in terms of a;, cu e , j e as 
follows. 

dh = fi, 

r.r _ -iY+doje"+" C r , e'Q^+iduj) re , ■ re 
U J1 — e io+^_ l Jl T e ^+^_i Jl T IJo, 

dh = -e-/ , 
^ = -e w 7o e : 

fif e — of _ e" £ (7 £ -^ e ) J I n e +9o; e e"+" £ re 

dfo = fl 

As before, the corresponding d equations may be found by taking the conjugates of the 
above. The integrability conditions of the above system of equations are 

B 7 e = i( e -- e " £ ), 

dduj = -2sinhic>+ e ^_ x | 7 e + i&cf , (27) 
ddu e = -2 sinh oo e + e ^ + ^_ 1 1 7 e - idu e \ 2 . 

As before, solutions of (j2Tj) correspond up to 0(6) congruence to a minimal surface and 
its e-transform. 



5 The (+) and (— ) constructions are mutual inverses 

In this section we use the frame B introduced in the previous section to prove the following. 

Theorem 2 Let f : 5* — > 5' 5 (1) be a minimal immersion with non- degenerate non-circular 
ellipse of curvature at every point. Then the (+) construction and the (— ) construction are 
mutual inverses in the sense that both f + and f~ have non-degenerate non-circular ellipse 
of curvature and (/ + ) _ = (/~) + = f ■ 

Proof: We denote by Pe(fo), where ee = — 1, the image of f$ by the e construction. So, by 
dHJ and (fT2l. we have that 

= "d^M + 6tanh0^ = + etanh^V. (28) 

Now let 

v ~ ^ + Jo- 
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It follows from the e-analogue of Q and from (J23|l that v is orthogonal to /q and ft, while, 
using the e-analogues of © and (JJJ), we see that 

( u > /I) = ( C oshV ^2) + (/0) /I) 

= -<^ + (/o,«/i e ) 

= -i - (9/o, A e ) 

i - /f) 

= -z + i = 0, 

so that v is a scalar multiple of N e . We now use the moving frame equations for B to 
determine this scalar multiple as follows. First note that 

vol(/ e , ft, ft, fl ft, v) = vol(/ e , ft, ft, ti, ft, fo) 

= vol(fcft,ft,dft,dft,fo) 

= - {e s^ h e - ^i 2 voi(/ , h, h, ft, ft, n 

where the final equality above is obtained using ([25)1 . 

However, it follows from (|2Tjl and the e-analogue of (fTUj) that 

7 e -i<9u/| 2 = 2sinh 2 e , (29) 



so that 

vol(/ e , A 6 , ft, f e 2 , ft, v) = lee"* sinhV . 
We next note that the e-analogue of (fT5|) gives 

vol(/ e , / x e , /f, / 2 e , ft, N £ ) = -e"' sinh 20 e , 

so it follows that v = — etanh0 £ ./V e . 
Thus, from (24) we have that 

Pe(/ o e ) = -^ + /o + etanh0 e iV e 

= (e + e) tanh0 e JV e + /„ = /„, 

implying that the (+)construction and the (— ) construction are mutual inverses. I 

The above theorem shows that we may associate to a minimal immersion / : S —>■ 
S 5 (l) with non-degenerate non-circular ellipse of curvature a sequence {f p : p £ Z} of 
such minimal immersions with f° — f and, for each p, f p+l = (f p ) + and / p_1 = {f p )~- 
Moreover, each element of the sequence induces the same conformal structure on S, and 
an adapted complex coordinate z for any f p is an adapted complex coordinate for each 
element of the sequence. 
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6 The geometry of the invariants 



In the previous section we showed that we may associate to a minimal immersion / : S — > 
S 5 (l) with non-degenerate non-circular ellipse of curvature a sequence {f p : p G Z} of 
such minimal immersions with f° = f. For the remainder of the paper we will use the 
superfix p to denote objects connected with f p . For instance, with each immersion f p we 
associate as before the invariants u p , <p p and a p . Moreover with each (+)construction, 
f p — > f p+1 , we associate the invariants u p , u p+1 and 7 P+1 = (dff, ff +1 ), while with each 
(— Construction we associate the invariants u p , uj p ~ - 1 and (F" 1 = (a/f,/T )- Th us, 7 1 is 
equal to the invariant 7 + used in previous sections, while 5~ x is equal to 7". Since, from 
(EHJ), we have that (/f, /f +1 ) = -i, it is clear that 5 P = - 1 p+l . 

As already mentioned, the geometrical meaning of the invariants u p is clear, since they 
give the metric induced on S by f p . Also, the final moving frame equation for T implies 
that a p = if and only if f p is not linearly full. In this section we look more closely at 
this situation, and also obtain a geometrical characterisation of the condition 7 P+1 = 0. 

We begin with a useful lemma. 

Lemma 2 Let A be an orientation reversing isometry ofM. 6 . Then 

(Af)~ = A(f + ) , (Af)+ = A(f-) ■ 
In fact, more generally, for each integer p we have that (Af) p = A(f~ p ). 

Proof: As A is an orientation reversing isometry, if N is the normal vector associated to 
/ as in equations |TT| and (jl2j) . then the corresponding normal associated to Af is — AN. 
The first result is now clear from the definitions of the (+) and (—) constructions given in 
(fTTj) and (|12|1. The second may be proved in a similar manner, and the final statement 
follows by induction. I 



Theorem 3 Let {f p } be the sequence of minimal immersions into S 5 (l) determined by a 
minimal immersion f = f° with non- degenerate non-circular ellipse of curvature in S 5 (l). 
For each integer q, the following three statements are equivalent: 

1. a q = 0, 

2. f q is not linearly full, 

3. there exists an orientation reversing isometry A G 0(6) such that f q+1 = A(f q ~ l ). 

Moreover, in this case, for every integer r we have that f q ~ r and f q+r are congruent via 
reflection in the great ^-sphere containing f q . 

Proof: We have already noted the equivalence of the first two statements. Now suppose 
that condition 3 holds. Taking the (— Construction of this, we may use Lemma [21 to see 
that f q = A(f q ). Since A has at least one eigenvalue equal to —1, it now follows that f q 
is not linearly full and that A is reflection in the great 4-sphere containing f q . 
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Conversely suppose that f q is contained is a totally geodesic S A (1). In this case N q is 
a constant vector, so it is clear from (|TT|) and ()12|) that f q ~ l and f q+1 are congruent via 
reflection in the totally geodesic S (1) containing / 9 . The final statement of the theorem 
now follows from Lemma El I 

A similar characterisation also exists for r y q+l = 0. We show in Section 9 that this 
situation can actually arise; in this case f q is a bipolar surface in the sense of Lawson ^0] ■ 

Theorem 4 Let {f p } be the sequence of minimal immersions into S 5 (l) determined by a 
minimal immersion f — f° with non- degenerate non-circular ellipse of curvature in S 5 (l). 
For each integer q, 7 9+1 = if and only if there exists an orientation reversing isometry 
A G 0(6) such that f q+1 = A(f q ). Moreover, in this case, A is reflection in a great 
subsphere of 5* 6 (1) and for every integer r we have that fi+ 1+r = A(f q ~ r ). 

Proof: Assume that f q+1 = A(f q ). Then, 

l q+1 = (dflf! +1 ) 

= (dA(f 1 ),A(fr 1 )). 

However, 

A(ft) = Adf q = dA(f q ) = df q+1 = ft + \ 

while, using Lemma 

A(f q+1 ) = A{df q+1 ) = dA(f q+1 ) = d((A(r))-) = d((f q+1 )-) = df q = ft. 
Thus 

jq+ x = {d ft+\ft) = -{f q +\dft) = - 7 *+\ 

so that 7 9+1 = 0. 

Conversely suppose that r y q+1 = 0. It then follows from the integrability conditions 
(|27jl that uj q = u q+1 . Since the set B is a basis for C 6 we may define, for each z, a unique 
linear map A(z) by 

Aft = ft + \ Aft = ft + \ Aft = ft +1 , 

Aft +1 = ft, Af q+1 = ft, Af q+l = ft. 

However, it follows from the moving frame equations for B that A does not depend on z, 
while ()23|) may be used to show that A is an isometry. It is clear from the definition that 
A has determinant —1 and A 2 is the identity, so it follows that A is a reflection. As in the 
previous theorem, the final statement follows from Lemma 121 I 

In the previous two theorems we have considered two situations which led to the con- 
clusion that two elements in a sequence {f p } are congruent via an orientation reversing 
isometry. An easy application of Lemma El quickly leads to the following theorem, which 
shows that the above situations are the only ones for which this can happen. 
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Theorem 5 Let {f p } be the sequence of minimal immersions into S 5 (l) determined by a 
minimal immersion f = f° with non- degenerate non-circular ellipse of curvature in S^l). 
Suppose that two elements f q and f r of the sequence are congruent via an orientation 
reversing isometry. Then there are two possibilities, depending on the parity of q — r. 
Either 

1. there exists an integer s for which a s = 0, or 

2. there exists an integer s for which 7 S+1 = 0. 

Finally in this section, we note that if two elements of a sequence {f p } are related by 
an orientation preserving isometry then the sequence is periodic in a natural sense. We do 
not know if this situation can actually arise. 

7 Minimal surfaces and ruled Lagrangian submani- 
folds 

In a previous paper [Sj, we studied minimal Lagrangian submanifolds of complex projective 
3-space CP 3 (4) which admit a foliation by asymptotic curves. Such submanifolds can be 
divided in to three types. 

1. Those which additionally satisfy Chen's equality |H]. These were studied and charac- 
terized in pp, and are closely related to minimal immersions of surfaces in S 5 (l) 
with ellipse of curvature a circle. 

2. Those for which the unit tangent vectors to the asymptotic curves form a Killing 
vector field. It is shown in |3j that these are related to minimal surfaces in 5" 3 (1), 
and classification theorems are obtained in jjj. 

3. All the rest. In [3 : we showed how to construct, starting from such a submanifold a 
pair of minimal immersions of a surface S into S 5 (l) with non-degenerate non-circular 
ellipse of curvature which are related by the (+) and (—) constructions. 

In this section we deal with the converse of the construction described in [H]. We show 
how to associate to a minimal surface in S 5 (l) with non-degenerate non-circular ellipse of 
curvature a Lagrangian submanifold of CP 3 (4) belonging to the last type. We will use the 
notation and terminology of [Sj. 

In order to simplify the notation, we denote the immersion of S into 5* 5 (1) by / and 
let g be the (+) transform of /. As usual, we let z be an adapted complex coordinate, 
put /o = /, fi = df, go = g and g\ = dg. We will show that for a suitable interval 
/ of real numbers, M = I x S may be realised as a minimal Lagrangian submanifold of 
type 3 such that if {ei, 62,63} is an orthonormal frame along M of the type described in 
|Hj with ei being tangential to the asymptotic curves and b^, ^3 being eigenvectors of the 
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second fundamental form Aj ei of M with respect to the normal Je\ with corresponding 
eigenvalues ±A (A > 0), then the corresponding map U = (Ui, . . . , U 6 ) : M — > 5*0(6) has 

V 2 (t,z)=g (z), U 4 (M) = /„(4 (30) 

where t is the standard real coordinate on /. 

In fact, we use the invariants u, uo + and 7 + to construct a map U = (Ui, . . . , Ug) : 
M — > £0(6) satisfying ()3()jl . with the property that if Q = U~ x dH then Q has the form of 
(33) of |3] for suitable functions 4> 4> 4> 4> A, a and b on M, and linearly independent 
1-forms Ui,u 2 ,uj3 on M. Having done this, it is straightforward to deduce that we may 
reverse the construction given in |3 a in order to construct from such a map U our required 
Lagrangian submanifold of OP 3 (4), with the orthonormal basis {ei, e 2 , e 3 } being the basis 
of vectors dual to {lui, u 2 , u 3 }. 

We begin by noting from (42) of [3] that in order for ()30|) to hold we require that 

dU 2 (e 2 - ze 3 ) = 20 1 V\~g 1 , (31) 

where 8i is a fourth root of unity. In fact, we may assume that 0\ — 1 by rotating our 
adapted complex coordinate z through a suitable multiple of tt/2. In a similar manner, 

d\J i {e 2 -ie 3 ) = 20 2 VXf 1 , (32) 

for some fourth root of unity # 2 . 

We next note that for (34) and (35) of [3, to hold we must have that 

dU 2 (e 2 - ze 3 ) = (4 - 1 - ?4)(Ux + tU 3 ) - A(U 5 + iU 6 ), 

and 

dU 4 (e 2 - z'e 3 ) = zA(Ui - zU 3 ) + z'(l + z\ 2 - iz 2 21 )(\J 5 - z'U 6 ), 
so that, from (|31j) and (|32jl. 

2^A 5l = (4 - 1 - ^4)(Ui + ?U 3 ) - A(U 5 + zU 6 ), (33) 
20 2 >/A/i = zA(Ux - iU 3 ) + i(l + 4 - z'4)(U 5 - zU 6 ). (34) 

However, it follows from (|2*3*|) that — i = (fi,gi), so orthonormality of U requires that 
-46» 2 Xi = 2z'A(4 - 1 - «4) - 2z'A(l + 4 - ^21) 

= -ax, 

so that 0% = 1. Therefore, in order to construct U, it is necessary to determine real- 
valued functions zf 2 (t, z), z 21 (t, z), X(t, z), and orthonormal vector fields Ui(t, z), U 3 (t, z), 
U5(t, z), XJQ(t,z) in R 6 satisfying (J3~3"j) and (|3^|) (with 9 2 = 1 in this latter equation). 
However, as (fi, fi) = e w and (gi,g~i) = e w+ we see that 

2Ae^ + = (4 - If + (4) 2 + A 2 , 
2Ae- = (l + 4) 2 + (4) 2 + A 2 . 
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Thus 

z f 2 =l\(e"-e" + ), 

and 

(4) 2 + (l - |A(e" + e w+ )) 2 = AV + " + - 1). 
As A and (e w+w+ — 1) are both positive, we may define z 21 and A by taking 



e"+e" + +2 cos t\/ e bJ + bJ+ -1 ' 

4i = Asintv / e w+w+ - 1. 

We restrict t to lie on a suitable subinterval / of (0, ir), in order to ensure that A is well 
defined and z 21 > 0. 

We have now obtained, through (J3"5j) . (jHBj) and (J3"7j) . formulae for z\ 2 , A and in terms 
of oo, oj + and 7 + . We next obtain Ui, U3, U5 and U6 as the solutions to and 
In the next section we will discuss a particular special case of the construction detailed in 
this section, so we will write down the solution to (|33j) and (|34j) and verify their properties 
explicitly (for which we used Mathematica), although the properties we obtain may be 
deduced directly from (|3"3*j) and (J33J). 

So, if 

C = \J e "+"+-l ' 

we find from (|3*3*|) and that 

U 2 + iU 3 = -C ((v 7 ^^ - 1 + e- it+u; )^ + ze^'/i) , (38) 

U 5 + *U 6 = C (e-^! + *( v / e-+- + -l + e^^/i) . (39) 

It is now a straightforward computation using (J23j) to verify that Ui up to U6 defined by 
(I5UJ) . (}3"Hj) and are orthonormal vectors and that, using (J25I) . 

vol(Ui,...,U 6 ) = ~ eM+ J+_ 1 vol (/o, A, A, 9i, 9i, 9o) 
= 1. 

Thus W = (Ui, . . . , U 6 ) : M — > 5*0(6), so that = U~ l dU is a skew symmetric matrix 
whose second and fourth columns have the correct form. 

It remains to find the linearly independent 1-forms 001,002,003 on M, and real valued 
functions z 22 , z% 2 , 0, and h on M such that the entries of Q = U~ l dU are as given in (33) 
of0. 

Since d\J 2 {d/dt) = 0, for (33) of 3J to hold we need that oo 2 {d/dt) = oo z {d/dt) = 0. 
Also, from (j31|) with 9\ = 1, we have 

dU 2 (e 2 ) = y/Xdgip/dx) = V\dV 2 (d/dx), 
dV 2 (e 3 ) = V\dg(d/dy) = V\dV 2 (d/dy), 
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(35) 



(36) 
(37) 



from which it follows that e2 — VXd/dx and e3 — y/Xd/dy are multiples of d/dt. Thus 

u 2 = -±=dx, u 3 = -^dy, (40) 

which also ensures that ()34|) holds with 9 2 = 1. 

We now consider the columns of Q other than the second and fourth. These have the 
correct form if and only if we have that, modulo U2 and U4, 

d(Uj + ?u 3 ) = % ((1 + 4 Vi + 4^2 + 4^3) (Ui + iu 3 ) 

(41) 

+ (cA "idz - iAo;i)(U 5 + iU 6 ), (mod U 2 , U 4 ), 
1 

d(U 5 + iU 6 ) = -(cA 2rfz + zAo;i)(Ui + zU3) ^ 
- % ((zf 2 - l)^i + + -232^3) (U 5 + zU 6 ), (mod U 2 , U 4 ), 
where c = —b — ia. In particular, ui must satisfy 

(d(Ui + zU 3 ), Ui - *U 3 ) + (d(U 5 + iU 6 ), U 5 - *U 6 ) = 4iwi. (43) 

Computing the lefthand side explicitly using (|3*5jl and (J3HJ), we see that (|4^j) holds if and 
only if 

^i(S) = -h (44) 

= e . + .+_ 1 z - (45) 

We use these expressions to define Ui, in which case P0|) . implies that cji, CU2 and cj 3 are 
linearly independent 1-forms on M. 

A straightforward computation using (J38|) and ()39)1 now shows that 

(d(U 1 + zU 3 ),U 5 -zU 6 )(|)=a, 

(d(Ui + iU 3 ), Ui - zU 3 ) (|) - (d(U 5 + zU 6 ), U 5 - *U 6 ) (|) + 2*4 = 0, 

(d(U! + zu 3 ),u 5 - iu 6 )(B) = -\\ 2l ^ +e X+ H r +) = 

so it only remains to define the complex-valued function c on M and the real valued 
functions z 22 and zf 2 in such a way that (jH| and (f4*2*|) hold. This may be done explicitly 
and uniquely by calculating (rf(Ui + iU 3 ),U 5 — zU 6 )(9), (d(Ui + iU 3 ),Ui — iU 3 )(^), 
and (d(Ui + iU 3 ), Ui — zU 3 ) (J^)- We have thus proved the following theorem. 

Theorem 6 Let f : S — > S 5 (l) be a minimal immersion with non- degenerate non-circular 
ellipse of curvature at every point. Then there exists a minimal Lagrangian submanifold of 
CP 3 (4), admitting a foliation by asymptotic curves, for which the construction described 
in J3J/ yields f and its (+) transform. 

We remark that, since we have shown in the previous section that such minimal surfaces 
are part of a sequence, minimal Lagrangian submanifolds of type 3 also form a sequence. 
However, up to now, we do not know geometrically (without using this detour over minimal 
surfaces) how to associate one with its successor. 

In the next section we will give an example in which we can explicitly describe the 
reverse construction detailed in this section. 
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8 Lawson's bipolar surfaces 



Let / : S — > S 5 (l) be a minimal immersion with non-degenerate non-circular ellipse of 
curvature, and let z be an adapted complex coordinate for /. Using the notation of the 
previous section, we will consider the special case in which the invariant 7 + = (<9/i,<7i) is 
identically zero. We will show that, in this case, / is the bipolar surface in the sense of 
Lawson [TO] of a minimal surface in 5' 3 (1). 

We begin by noting that if 7 + = then (|27|) implies that uj = uj + while f)27j) and Lemma 
Qimpliy that uj is a positive solution of the following partial differential equation: 

dduj = -2smhu + -^ l \du\ 2 . (46) 

Conversely given a positive solution of the above differential equation, there exists a cor- 
responding minimal surface in S 5 (l) with non-circular non-degenerate ellipse of curvature 
and induced metric 2e UJ \dz\ 2 . 

It is convenient to rewrite the above differential equation by making the substitution 
e w = cosh f]. A short calculation shows that uj satisfies (J46|) if and only if the function 77 
satisfies the sinh-Gordon equation 

ddr] = — sinh?]. (47) 

We recall that a solution 77 of the sinh-Gordon equation determines an ^-family of 
non-totally geodesic minimal immersions in S 3 (l) whose induced metric is e r, \dz\ 2 , and we 
will see that / is the bipolar in S 5 (l) of the minimal immersion in this family for which 
the coordinate curves are the lines of curvature. 

Specialising the formulae of the previous section to the case 7 + = 0, we obtain 



A 



z. 



1 



cosh r?+cos t sinh jj ' 
sin t sinh rj 



2 1 cosh jj+cos t sinh r\ ' 

4 = 0, 

u)\ = —\dt, 

1 . (48) 

^3 = — x dy, 

b = lX 3/2 rj y sint, 



a 



.32 



^22 



In particular, 



l\ 3/2 r] x sint, 

- I \ A ^ 2 rj x (cost cosh rj + sinh r]), 

- — |A 3//2 r/j / (cost cosh r/ + sinh 77). 

d/dt = — |ei, 
d/dx = ^e 2 , 
d/dy = ^e 3 . 
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Substituting these expressions into (25) of [3] we see that the horizontal lift F to 5' 7 (1) 
of the minimal Lagrangian immersion into CP 3 (4) corresponding to / satisfies the following 
system of differential equations: 

F tt = -F/4, (49) 

p _ -(i+sint sinh??) p 

™ 2 (cosh r?+cos t sinh rj) x ' v / 

P _ i—sint sinhr; p (51) 
'2/ 2 (cosh ry+cos t sinh 77) 3/' \ J 

F xx = — (cosh?? + cost sinh?])/ 71 + 2(sint sinh?] — i)F t 

_|_ rfa (cos t cosh 77+-i sin t+sinh rj) p _ % (cost coshr)-^ sin t +sinh rf) p 

(52) 

2 (cosh ?i+cos t sinh rj) x 2 (cosh ?7+cos t sinh rj) V 1 

p rjy (cost cosh r]+i sin t+sinhrj) p . (cos t cosh r?— i sint+sinhr;) (53") 

^2/ 2 fcosh tj^cos t sinh 77 s ) 2 fcosh T7-t-cos t sinh r>") 2/' V / 

(54) 



x ^ 2 (cosh ?i+cos t sinhr?) x 2 (cosh ??+cos t sinh rj) V 

F yy = — (cosh?/ + cost sinh?7)F + 2(z + sint sinh??)^ 

Tj x (cos t cosh 77+i sin t+sinh 77) ^-1 , % (cos t cosh ri— i sin t+sinh 77) 

2 (cosh ?)+cos t sinh ??) x~ 2 (cosh ??+cos t sinh rj) V 



It follows from (J4TI|) that we may write 

F(t, u, v) = Gi(x, y) cos | + iG 2 (x, y) sin |, (55) 

for suitable C 4 - valued functions Gi and G 2 . Substituting this into (|50|) and carrying out 
significant but elementary simplification we find that 

(G 2 ) x = -e-\G x ) x , (56) 

while similar reasoning using (|51J1 gives that 

{G 2 ) y = e-'id), (57) 

Using (jSnj) and (JH7|) we find, after some calculation, that (JE2J), (ISHI) and (JH3|) are equivalent 
to 

(Gi) M = |»7x(Gi)x - + G 2 - e"Gi, 

(Gi)*y = §^1)* + f ^(G^, (58) 
(Gi) w = -iifc(Gi). + li^CGx), - G 2 - e'd. 

We now note that since |F| = 1, implies that |Gi| = \G 2 \ = 1 and that G\ is 
real orthogonal to G 2 . The horizontality of F further shows that G\ and G 2 are unitarily 
orthogonal. 

The coefficients in the system (jHEJ) are all real, so the real subspace spanned by Gi, G 2 , 
(Gi) x and (Gi) y is constant. We identify this subspace with R 4 by picking an orthonormal 
basis. But the system f!58|) is exactly that of a minimal surface G\ in S 3 (l) with unit 
normal G 2 , induced metric ds 2 = e n \dz\ 2 with the complex coordinate chosen such that the 
second fundamental form // of G\ satisfies (II(d,d), II(d,d)) = 1/4. In particular, since 
II(d/dx, d/dy) = 0, we see that the coordinate curves of Gi are the lines of curvature. 
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Applying now the definition of U± of [3] and the expressions for u>i, 0J2 and uj% obtained 
in (HHJ), we get that 




(59) 



According to Lawson in jTU], the bipolar surface of the minimal surface G\ in S 3 (l) 
with unit normal G2 is the surface in S 5 (l) given by G\ A G2 in A 2 M 4 = M 6 . This is a 
minimal surface in 5 s (1). If we include A 2 M 4 in A 2 C 4 via u 1— > (l/v / 2)(f — i * f ), where * 
denotes the Hodge star operator on A 2 R 4 , then it follows immediately from ()59)) that / is 
the bipolar of G\. 

Conversely, let G\{z) be a non-totally geodesic minimal immersion in S 3 (l) with 
unit normal G^t^)- We may assume that z is such that the induced metric is als 2 = 
e v \dz\ 2 , where rj satisfies (|%7j) and that the second fundamental form II of G\ satisfies 
(II(d,d),II(d,d)) = 1/4. Then G x and G 2 will satisfy the system (HE), so if we define F 
using (JHHJl then F is horizontal in S' 7 (l) and satisfies the system In particular, 

we have that zf 2 = and 0J\(o) = 0. If we apply the construction of |3j to the projection 
of F to CP 3 , then we will obtain the bipolar f(z) of G\(z). It then follows from ()35|) that 
= u + , so that gives that 7 + = 0. 

We have therefore proved the following theorem. 

Theorem 7 Let f : S —>■ S 5 (l) be a minimal immersion with non-degenerate non-circular 
ellipse of curvature. Then the following three statements are equivalent: 



2. f is the bipolar surface of a non-totally geodesic minimal surface in S 3 (l), 

3. the (+)transform f + is the reflection of f in a great subsphere of S 5 (l). 
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